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In this section the shape integral is calculated for a number of idealized asym-
metric distributions when, from Equation (195)

N . [36)eR4G)
L84 x@)

It is obvious from Equation (196) that (as long as viscous effects are unimpor-

tant) maximum cushion pressure will be obtained when A  is maximum. This
implies that the maximum pressure peak must be on the cushion side of the jet
centerline, as indicated in Figure 66.
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Figure 66. Symmetric and Asymmetric Jet
Total Head Profiles.

It should be remembered that the ratio

At
AP mean

is entirely artificial; that is to say, it is not a true parameter, since it will
change with the shape integral ( XA ). This leads to a number of anomalies,
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and indeed, the only reason fcr presenting the following results is the wide-
spread use of the ratio A'P.-,/A pnem as a means of reporting experimental
measurements.

The Jet Thickness Anomaly

Supr-se now that a test nozzle has the geometry of Figure 67 and that an
insc.t has been placed in the nozzle, unknown to the experimenter. Thus a
traverse across the (original) nozzle width ( € ) gives the total head distribu-
tion indicated in the figure. As a result, the unobservant experimenter com-
putes the mean total pressure as

- AP . £
APMB Man T
and the cushion pressure ratio as
_A._.:P—-o = A#@ - I .
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Figure 67. Geometry for the Jet Thickness Anomaly,

The simple theory equation for AJP‘_ gives him

A e = — (T, 2 = M"
Z%MW 2R )~ (TR) L) o
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The correct equation is

B - 2(%k) - R

A PM
Thus the apparent ratio beiween experiment and theoretical results is
B
Experiment - 2(MR) - R) . @ - AR
Theory [e7R)-CARTIE ~ 2-%

Thus, the unobservant experimenter would conclude that his measured ratio
/A P-mean exceeds the "theoretical' value. His belief would be illusory,

however, and in the same way the limit cases of the total head distributions
discussed below will show the misleading result that a jet should have all

its energy concentrated at the inner boundary. While this conclusion is per-
fectly correct so far as obtaining the maximum value of the ratio ( 44 ,AP
mean) is concerned, minimizing the mean total pressure has no physical
importance; it does not correspond to minimum jet power, for example.

Rectangular Total Head Distributions
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Figure 68. Two Rectangular Total liead
Distributions.

127



For the first of the two distributions sketched in Figure 68, it can be seen that as
AP diminishes we encounter the physical limitation of reverse flow, which
requires < AP . Since the jet static pressure gradient “'P/ > 0, this
condition must occur at either 3 = A or } at: For the flrst position,

AP > A .
But Ag = ZAPMM )
. b <« 2 - A4
P AR .
< 2
|+ AE/AQ

Dby, = A= R).R [aR + 4R APJ

(T—HR+ 54R) A(- R
Dby | (YU - TBTR)
AP, (v - ).'24-:/9.52'

Thus at k/é » the limiting condition is

Abe, - (eR(1—BRY 4 &

AP, (1 —~ BARY AR
This limit is plotted in Figure 69,and the curves of cushion pressure ratio for
the stepped distribution are plotted in Figure 70.
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TOTAL PRESSURE DISTRIBUTION FACTOR AR /AP.
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129



1.4

1.2

et
o=

= S
o ®

CUSHION PRESSURE FARAMETER A /AR, can
=
(I

) |
““‘l“

LIMIT FOR
Ah € Atj

o O

.5

.0 ( AI}’ = CONSTANT)
.0

N —

Figure 70,

4

6 8

HEIGHT PARAMETER R/t

130
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A General Linear Variation
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Figure 71, General Linear Variation.

This case was first solved in Reference 13, from which Figure 72 was ab-
stracted.

The reverse flow limitation can in this case be simplified to

AP 2> L4 .

But Ae 2 L\ﬁ = 24P -

dge < 2 - 4R
AL wn O Fusenn

< 2/(( -+ AE/AP,:_) .
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Figure 72. Effect of a'Linearly Varying Jet Total
Head Distribution Upon Cushion Pressure.
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This limit is superimposed on Figure 72 and is seen to confine the attainable
cushion pressures to a fairly narrow band. However, a value of (A'fs/AP mean)
equal to 4/3 times the (uniform AP5 ) theory value is seen to be attainable at
the limit ’6/12 — 1.0.

A General Power Law Variation

This case includes that of Figure 71, when A& or AE = (0 and also the
constant total head case (v —*00 ). It is based on the relationship

AR = k(34)

although the actual value of /K does not influence the results.
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/
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n42 2 (o <Xck)
Figure 73. General Power Law Distribution.
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It is obvious that the maximum cushion pressure (at 'C/Q = 1. 0) will be twice
the simple theory value, in the limit 44 «® o2 .

CUSHION PRESSURE AS A RATIO OF MEAN TOTAL PRESSURE WITH A
LINEAR VARIATION IN TOTAL PRESSURE ACROSS THE JET (EXPONENTIAL

THEORY)

In this section the problem will be simplified by considering only a linear vari-
ation of total pressure across the jet.

From Equation (164) cushion pressure is given by
<
-25R j 2)k
= 2 e e P «
Afe B L A 3 %% (197)
and the mean total pressure by
&
l
= - AP, .
Ak, T .[ 34

(198)

For a linear variation in AP} across the jet

AP} AR (1 + 83¢)

where

e = A2
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From Equation (198),
o €
A = B+ sy - RU) R

- ‘% )
A%ﬁ. ) [<' - BEy1 -e )*’&J(' *’%)" (200)

This expression is evaluated for various pressure ratios,

% = O, '/Z, I e oo over the height range © <?/e~"°

and is plotted in Figure 74.

-2k

, the expression reducesto | —

= R, .
For Ar o , 96“_ {
For A =00 , q’/pc —» O , the expression becomes
2t
= — ' - e .
Aegp, = 2 - K )

At values of the pressure ratio less than unity, that is to say, when

AR, < AP, ,
the solution is limited by the condition

AP > A ;

otherwise there would be a reversal of flow in the jet next to the cushion.
The existence of this limit was noted in the previous section.

éi" = e.f-‘-' . | + /%

I

o - =8 - ;"%)M,]o Y.

Thatis, _
> (l - RE& | — € “é>
24

a—

for real values.
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When the limit is reached,

?/‘f = (l -— C-‘:Z%)-’

ZA

4 - -
™ Mo - (e XA
AL .

This is computed and plotted in Figure 74, It will be seen that the limit is
asymptotic to the curve for ¢/P‘ = ( at great heights and reaches the
value 1 when cA) = 1 at zero heights.

The results are replotted in Figure 75 for fixed heights with pressure ratio
as abscissa.

THE EFFECT OF A LINEAR TOTAL HEAD VARIATION OF THE CUSHION

PRESSURE PARAMETER Ab¢
4

Because of the large variation of Af, /AP with jet total pressure gradient,

we are forced to conclude that the cushxon pressure parameterM defined

in Equation (142) is a more meaningful measure of an annular jet's effective-
ness.

Therefore, it is of interest to see how the cushion pressure parameter is af-
fected by nonuniformity of total pressure distribution in the jet. Since this
parameter is the measure of the pressure obtained in the cushion in relation
to the energy supplied to the jet, the presence of a well-defined optimum would
indicate the choice of jet structure to give the best operating performance.

For simplicity in computation we considered a distribution which gives a linear
variation of total pressure across the jet. This may be defined by a pressure
ratio AR AP, where the total pressure AP; varies from 8F, at the out-
side of the ]et to AF; on the cushion side.

Then Ay, = AR + A& e ) (201)
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where & = A% — 1.
Substituting for A% in the expression for cushion pressure, Equation
(145) results in
& -1
— 3 % ¥
A N O 7‘1),.6[3 [(473) (1 + 30y un ]
+® 7 (202

J (rv B3¢ )1+ %g-@fﬁ'ﬁzﬁ;’q}’f{bé}é wfiee

We should then evaluate this expression over a range of values of the pressure
ratio parameter /& and the height parameter e -

This is an excessively laborious computation which may properly be deferred
until the value of the result is more clearly apparent. However, it is likely
that the result will be intermediate between the two simpler cases in which

&7 = () (exponential flow) and 07 = 1 (free-vortex flow).

Accordingly, these two cases were computed over the ranges

5 < Rp <« 5
and % < R/t < o .

Variation in Cushion Pressure Parameter According to Exponential Flow
Theory With a Linear Gradient of Total Pressure Across the Jet

The cushion pressure parameter is given by

P 2%, e
/{Afo = [Z&Q-C . ;Eie %Ag db

7 [€ _2 ? %

%

Substituting

"

4F 0P o+ A3,

- - € %
Lap. = [t Ta ) <0 s ]
p o P -2% 52 ) )
60(/4/45/@)[/4/6?{- ?/("",Z/-/e /41%)6]23
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Writing R{k - A ant 3L 2 x

b ]

"

/EA'E [’A“’: ‘_[e*(‘ + A ) ot J%
"/‘/!.//6‘&)[/-!/‘»- je—xi/'e:%ﬁ(“/&)“]é(t

"

%
[B., + e(1-aB)]
> 7 — L
SO+ 6x)[1 - B, + 448, Joex

(204)

where

3

B, 7

A = R/
yA FZ,/& -1,

Note: Numerator is unreal when & < "B% \— AB,) .

Derominator is unreal when A < Ct— B.)/. A8, .

Since & s essentially < O at both these limits, the denominator limit is
effective because

| - Bo \ B. ]
AR, + | - AB,

Details of the actual computation are omitted firom this repori. It should be
remarked that the expression in this form requires a numerical integration of
the denominator for each point evaluated. Since this appears to be a mono-
tonic type of function of 2, a sufficient accuracy may be obtained from a
fairly small number of stations 0 € x <1,
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The computed values are presented in Table 3. These are plotted in Figure
76 as the broken lines, together with the results (full lines) from a similar
computation for free-vortex flow described in the next section.

Variation in Cushion Pressure Parameter According to Free-Vortex Flow
with a Linear Gradient of Total Pressure Across the Jet

In free-vortex flow = 1,and we have for the cushion pressure parameter,
from Equation (145)’

[2/(5’ ¥)ap, oc(yc)]
CEBIAEE (%*%>m§‘€e)] P

The simple case when A€ = constant was given by Equation (149).

£ 0% -
£ o4

Putting 3. % and writing %y = & , we have R = %+£ 50 that

8/{7 - a,-r—l.

Then,

& B . [2/(a~kal—r/¢‘7c)¢€z]/x
4 (l-fa—)/(/—f'/‘vc)[l—f/&—(aﬁx) ‘fa.‘fo/-&/&.)dg]&

35
[oa 41 ot « 28]
(o [for rtc(a® v an r55)] b e

a-tx

. (206)

The expression is evaluated over the ranges

—0902 < _& <+720

and | < a < 4 .
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TABLE 3

COMPUTED VALUES OF A4 * 8. FOR A LINEAR GRADIENT
OF TOTAL PRESSURE ACROSS THE NOZZLE - EXPONENTIAL THEORY

Pc/Pa R/t =0.25 0.5 1.0 2.0 4,0 10.0
5 4,35 2.67 1.43 0.675 0.283 0. 0795
3 4,12
2 4,02 2.47 1.38 0.667 0.°83 0.082
1.5 3.81 2. 30
1.25 3.70
1.00 4,075 2.26 1.27 0.639 0.279 0.081

X
.95 2.21
0.925 2.48

X
0.800 1.25 0.630 0.276 0.0803
0. 687 1.22
X
0.600 0.613 0.268 0.0807
0.418 0.602
X
0. 400 0.263 0.0792
0. 228 0.249
X
0.200 0.0760
0.095 0. 0700
X
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As in the preceding case we omit details of the computation and give the result-
ing values in Table 4. These are plotted in Figure 76 in conjunction with those
from the exponential flow method. As before, we observe that the curves are
bounded to the left by the condition that the denominator shall be wholly real.

Discussion of the Results

It is remarkable that the limit for real values seems to be the same for both
cases. There is no very obvious reason why this should be so. The physical
meaning, of course, is that the flow pattern near the inner (cushion side) boun-
dary of the jet can not be maintained when the total head pressure 8, is re-
duced to the local static pressure A+ . Therefore, the limit appears when
AP s Ah , assuming an absence of other disturbance to the flow locally. How-
ever, the two methods give differing values of Ap at the same operating height
and pressure ratio, and, if the limits do really commde the value of the cush-
ion pressure parameter at the limit is a function only of the pressure ratio. It
therefore depends upon other factors which are common to both methods. Fur-
ther, it can be hopefully said that the same limit will apply to the Payne theory,
intermediate between the two computed cases.

Considering first the curves for exponential flow, it is seen that a high value of
the pressure ratio is favorable, though only slightly so. The effect is most
marked at low height ratios, and there appears to be a minimum close to the
reverse flow limit for heights below R 4 = 1. Here, too. the reverse flow
limit is approaching asymptotically /p" =1, and since the exponential flow
method is more valid at these low heights, this is clearly indicative of the ad-
vantage of having Pg /P“ much greater than unity for heavily loaded, low-flying
GEMs.

At the other end of the scale, at R/A: = 10, the exponential method loses valid-
ity. This curve has been plotted chiefly for comparison with the free-vortex
resnlt. This shows a gentle maximum at Pc % =1, which means simply that

a uniform total pressure across the jet is more efficient than any linear varia-
tion of pressure. Even so, the effect is slight and becomes less marked at low-
er operating height ratios.

Therefore, the conclusion is that pressure gradient in the jet makes very little
difference when R/g is greater than 2, let us say.

These results suggest that it may not be worthwhile to work out the cases using
the more precise model of the flow developed in this report, having regard to
the computational difficulty using ordinary methods. This is a jcb for an elec-
tronic computer, and, for the sake of completeness, it would be pleasant to see
the result. However, it is fairly evident what this will be. Over the inter-
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TABLE 4

COMPUTED VALUES OF 44 -44c FOR A LINEAR GRADIENT
OF TOTAL PRESSURE ACROSS THE NOZZLE - FREE-VORTEX FLOW (‘¢ =1)

Pc/Pa R/t =2 3 4 6 10
5 0.905 0.492 0. 330 0.186 0.0823
2 0. 957 0. 503 0.333  0.1885 0. 0855
1 0.971 0. 507 0.333  0.1870 0.875
0.8 0. 960 0.508 0.335 0. 1900 0.870
0.6 0. 960 0.494 0.335 0.1885 0.868
0. 57 0. 960
X
0.40 0.492 0.332 0.1920 0.862
0. 37 0.490
X
0.27 0.319
X
0.20 0.1935 0.833
0.176 0.1750
X
0.098 (limit for R/t =9) 0.794
X
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mediate range of height, the Payne model meves from approximation to the free-
vortex result at the high end (R/(; = 10) toward the exponential result at the

low end. In the middle it will be between them and,from the appearance of the
curves, it will probably show only slight effects of pressure gradient with some
advantage in having the pressure high on the cushion side. However, the effect
will be slight,and one should not expect a gain of more than 10 percent or so from
a pressure ratio 5:1, compared with a uniform pressure design.

In an earlier section the effect of a total pressure gradient in the jet was exam-~
ined for free-vortex flow in terms of the parameter aeans L€ cushion pressure
ratio to the linear mean total pressure in the jet. This showed a larger effect
than the present analysis; for instance, at Rfe = &.

5 2 e . _ . 4
A’Pc. j}/ 4”* A'f’c 2 ’/‘ A o
/ k
AR 4P

AR -2, Obh .78 2) 0R, - o5 At - 72
@ (.\9» ’ ﬁu:’kw O /Z‘E’n, ’ %6"'“’“

Figure 77, Pressure Distribitions in Jets.

Although these jets look the same, theyv are absorbing different amounts of
power,

= 4
s /B (51,

and this is greater when the higher total pressure is on the same side as the
higher static ( = cushion) pressure. Not surprisingly, the more powerful jet
produces greater cushion pressure, which accounts for most, if not all, of

the difference in AR/L\P 3
Metan

This example serves to illustrate the superiority of the cushion pressure
parameter as a criterion of cushion pressure achieved in proportion to power
expended in the jet.
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Chapter Six

VISCOUS MIXING EFFECTS IN THE ANNULAR JET

The first known treatment of the problem of viscous mixing effects in the annu-
lar jet is due to Chaplin20, who used a simple analysis to show that mixing al-
ways causes a reduction in performance, relative to the idealized inviscid flow
case.

It is doubtful whether real precision in the calculation of mixing effects can ever
be achieved, because of the complexity of the induced flow fields. Nor can these
effects be measured until a better understanding of annular jet ficw mechanisms
has been achieved, since it is impossible to say what portion of the observed loss
is due to viscosity and what is due to nozzle diffusion and local flow distortions.
The position is rather analogous to trying to measure the viscous drag of wings
before the publication of Lanchester and Prandti‘s lifting line theories, when the
effects of aspect rztio on lift-curve slope and induced drag were unknown.

Reviewing the possible sources of loss which have to be separated from the vis-
cous losses, if experimental data are to be obtained on the latter, we see that

there are really only five:

1. Loss of cushion pressure due to nonuniformity of
total head.

2. Loss of cushion pressure due to a local flow distortion,
where the flow angle i~ not the same as the geometrical

nozzle angle,

3. Total pressure loss due to diffusion or separation in the
nozzle.

4. Fundamenta] reduction in cushion pressure associated
with a curved planform.

5. Experimental error; the latter mzy be
(a) simple errors in instrumentation or calibration,

(b) measurements at the wrong location (measuring
"cushion pressure'' near the jet, for example), or
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(¢) rig leakage, such as a twu-dimensional jet rig
which has a low energy ;~t near the boundaries.

There are evidently enough hazards to render the unquestioning accepiance of
published measurcments quite impracticable, at least without a detailed analy-
sis uf the investigator's test procedures and equipment. And the problem of
eliminating ail but the viscous losses is correspondingly more difficult.

Figure 78 presents measurements of the cushion pressure ratio Ab‘,/AP"»
made in three different liéwestigations. There is obviotsly a significant differ-
ence between the NASA" ™ model, which has a circular planform, and the two-
dimensional rig results, and we might be tempted to assume that the difference
in planform is the cause. The three-dimensional correction of Equation (114)
indicates that this effect is small, however. Reference 16 also gives {wo meas-
urements of the total head distribution across the nozzle of the Kuhn and Carter
nozzle showing considerable distortion from the uniform condition. If we tuke
a linear approximation to this distortion, we can extrapolate as shown in Figure
79. Using the theory of the previous chapter we can use this to obtain the change
in cushion pressure, as shown in Figure 80. Note that although the Figure 79
extrapolation becomes progressively less reliable as we move above & = 3.0,
the importance of flow distorticn becomes progressively less great, so that this
inaccuracy is relatively unimpertant.

Making these corrections to the data in Figure 78 gives the piot shown in Figure
81.

There is evidently still a significant difference between the two sets of points,
and this is presumably due to either a diffusion loss in the Reference 16 model
nozzle, and/or to its jet not emerging at the nominal nozzle angle of O =0.
What is clearly evident is that even the two-dimensional test rig resuits are

well below the inviscid flow theory line, and most of this deficiency is presum-
ably attributable to viscous mixing and nozzle diffusion loss effects. Certainly

a negligible amount is due to the vertical flow angle diverging from the geometric
angle, as shown by the very careful streamline plotting carried out in Reference
21, from which Figure 82 is abstracted.

We can approach the viscous mixing problem in at least two ways. The most
elementary regards the passage of one stream of air over another as a ''skin
friction' problem which is exactly analogous to the passage of air over a solid
surface. Unfortunately this approach gives numerical results only for the limit
solution of stationary cushion air,
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 Altoratively, we can uze a more detailed flow picture which accounts for the

detals of the flow entrainmeni process inside the cushion. At the present time

there seems little point in investigating the finer details of the ambient air en-

trainment, since this takes place at (approximately) ambiznt static pressure,
and should not greatly influence the cushion pressure, therefore.

THE "AIR FRICTION" CONCEPT

In Reference 3 it is shown that the “effective skin friction loss " of a jet of
velocity ( 7 } flowing over another stream of air (with velocity V7 ) is
given apprcximately by a skin friction coefficient,

“fa 20%e) «q-)
I
L+ 6w (207)

e o-iGC\—-—AJI/—uS‘>,

from the \0%@7/{,\ measurements of Reference 22.
=/

If the lenzth of the jet surface in contact with tiie cushion air is Sc , the "friction
force' 1s

- i - = —— -
F_f - ’@ ¢ VNC C qu (',{'. J:’l j} = AT‘ (208):
It Aﬁ, i< the nozzle totel head on the cushicin side
z
_[,2 ? ’\)NC = APC/ L] A/?__:_ ;
AJ;

- — 2
L= CS < (0 o ) . (209)
AR AR

[
Frorn Equation (32), for conservation of total head

J. - (T -85t + ik

mwuu(
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For thick jets, the mixing occurs in the region where the local static pressure
is approximately equal to the cushion value.

S (l + M’,‘/&,("’:Y = (\ + O )1”

Ap‘ - A“’L—

-
(\ ~ Ak/N’{_} - (211)

]

.. AT&/ZP Cs (1 - ﬂf%se)z . (212)

From Equation (101),

M. = Joke s & (%] - ax,

INVISCIY MXIN S

Ab o s
S L M| - AR S ce(h - i)
A PN AT, INVISCIY R R ’ (213)
and for uniform nozzle total head

p =

[
——A-"“ - Bt - 2. (- A%HA - (214
APN AB( INVISCD R ( )

The accuracy of the assumptions is such that we may as well use the inviscid
value for AR /AR, inside the square root sign, when the jet is thick; that is,
when ‘“/(, < 1.0 say, so that

ff‘; = 1\ - C;,_‘Ss:, (‘ - A""/A"N.m..., (215)
€ ivisein AP‘,/APN s .

Note from the geometry of Figure 41 that

S, = 2R, B tO -(%-»G)R.

5 (216)
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When viscosity causes an appreciable reduction in A-P‘_ ,» We must solve Equa-
tion (214) exactly. By squaring we have

g—g:mv.) -5 —% {AP~> <S CfX' M'/P~>

(MG) Ak [ 23‘ -] *(z‘:}é:w\)z' (E;')l"”(zm

In the quadratic solution to (217)

” ”n

t-4ac - (S‘ cf\ [, + A(-~ 4. ...) ]

(5:. Ct ) ’ o (218)

CObe - éﬁ"’ ’é(ié")z[l F {1+ 4("" ~-~v} _] (219)

APN A N v

The minus root is the correct solution. As can be seen from Figure 83, the
difference between Equations (215) and (219) is quite small.

This particular analysis cannot be extended into the "thin jet'' regime because
the concept of "'skin friction' between two fluid streams, both of which are thick-
er than the mixing zone between them, is then invalidated.

The theoretical limit is of course s:/b =

:(l‘;——fe)Q = s2 4k

R = 52 = 33 ©=0.
(2 LimiT —%+e rF‘N

As shown in Figure 83, this approach appears to give fair agreement with ex~
periment for P»/,c;( 1.5, when we take the limit case of still cushion air
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(V7 = 0), although the Kuhn and Carter points still fall below the line. Pre-
sumably the true value of Vi is somewhere between zero and unity, so that
all points would fai: .. ii in the range 0 < ’%4 1.5, and presumably the
deficiencyv would then ruurcsent nozzle losses.

The air friction theory should show a loss in cushion pressure as the length
of jet in contz})ct with the cushion is increased. Some experimenta work at
Aeronutronic™, involving the use of rigid nozzle extensions, enuables us to
make a rough check on this hypothesis.

Some raw data from Reference 23 are displayed in Figure 84, in comparison
with results obtained from conventional two-dimensional test rigs. The cushion
pressure is shown to fall significantly when an extension is fitted, which does
not agree with the Payne tests reported in a previous chapter. We presume
this is due to some instrumentation error on the Aeronutronic rig.

When the inner extension is shortened or removed, more of the jet will be in
contact with the cushion. Thus relative to the extended nozzle results of Fig-
ure 84, the cushion pressure should be less than even the reduced values ob-
tained with symmetrical extensions. As shown in Figure 85, this is in fact so,
although the results can hardly be regarded as indicating a consistent trend.

Now from Equation (214) we can express the reduction in cushion pressure by
the equation

Ab. - (B4 ) _ 4Sc < _
A—P ( AP AcTuate —R f(' - Aﬁ'éPﬂ) (220)
J ~ Ful No;ﬂw’ AcTuAL
CXTENS(OMLS ;/z
or A(é’t») = - A% Cg (1— b /DR pecum ) (221)
AP -t /&’/b

when @& =0° sothat R= A .

For the geometry of Figure 85,
As. 4 = CC — R/,

of course.
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Equation (221) has been used to plot the expression
- %
R 4 ( 4¢. )( | — 4k A
o ____:' b z ( ¢
A 4P AP T < f (222)

in Figure 86. The scatier is very large, as we would expect in anralyzing
this type of data, Nevertheless an appropriate trend is detectable and all
points fall on or below the C; = 0. 16 curve, indicating ’\f/u- > 6. More-
over, the zf. /,l\, = 1. 0 points are noticably higher, on the d\er'we than the
Lo /.&, = 3.0 ones; this again is reasonable because the entrained veriex flow
would be virtually parallel to the jet in the latter case.

A GENERAL THEORY OF MIXING LOSS

VAV AV A A A SN A AV & & v
Figure 87, Mixing in the Annular Jet.

Under equilibrium conditions, it is generally agreed that viscous mixing cause
the entrained flows illustrated in Figure 87, If S_ and 5“_ are distances
along the jet surfaces on the cushion and ambient sides respectively, then from
Reference 4, the entrained airflow ratio

. = "“-f\" .y J,, BW SC 4 S(L
-\ — ~ —_ .
e 2 (x//c)[ < 2]
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For continuity of mass flow, the entrained cushion air must return to the cushion.
and since some transfer of momentum has occurred, tne momentum flux to am-
hient of the main part of the jet is accordingly reduced.

This must result in the cushion pressurc heing less than the value predicted for
inviscid flow. We can regard this either as being caused by a reduction of the
momenium flux to ambient (as in the previous section) or by a reduction in the
curvature of the jet.

From a long term point of view, the best approach is likely to involve express-
ing the local jet velocity distributicn in a suitable analytic form (such as the
error-function distribution), weighting it for the cffect of varving static pressure,
and =elving the resulting equations for the inward and outward flows.

In the present analysis “ve shall take a simpler approach, using the general con-
cepts of Reference 4, put making the use of the general momentum relationship
of Equation (101j

Oy = D=
rC
We shall also assume that mixing on the ambient side of the jet does not influ-

ence Ja , because there is nominally no pressure change, so that all mixing
effects are sttributable to the cushion. '

The entrainment of cushion air reduces 3; by an amount A:Y,,L as explained
in the previous section, so that we may write

A, = A - 8J. - F (223)
< INVISCID Ce.
where F = a cushion entrainment term which will be discussed

later.

The flow picture of Figure 87 is similar to that of an overfed jet, as indicated
in Figure 88. However, the big difference is that we do not obtain as low a
cushion pressure, unless all the primary vortex momentum ( J; ) is dissipated

(J; =0).

The momentum loss AJ,L is readily calculated when the entrainment function
is known, and it is reasonable to assume that the momentum flux J¢ into the

cushion is equal to the momentum lost by the outgoing jet. Then knowing n'~°

and 32_ we know the mean effective velocity ~JZ into the cushion.
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Figure 88, Two Ways of Portraying the Overfed Jet.
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The momentum flux, 3: , back to the jet is less than .-Tc, because of skin
friction losses against the ground plane and base plate and because of air
friction between the outside of the vortex and the inner cushion air. The inner
air may be stationary or there may be a secondary vortex; possibly the former
is true of a finite planform, and the laiter of a two-dimensional test rig. When
a secondary vortex exists the air friction will be much less, of course.

We now proceed to express this chain of reasoning mathematically, assuming
that entrainment takes place over 442/(; , where Cﬂ)., is the distance over which

entrainment occurs. (From Figure 82, for example, we might expect }4’4 < 'é).

Now, for mixing at constant static prescure (Figure 87)

J, = J; + I (224)
or, in terms of average values,
N > . &
-~ ~
'y = —\7'
. X o~ (225)

since the emrained air mass flow is nwm,, s
-2

NN
. ' 3; = " va Vi /2
‘ \ - N/
- ,,,‘,EYN (226)
2(\+"2)
2 ~ = 3%%>° ¢ 5% .

—-TN is the momentum flux at the nozzle. However, when the vehicle is
close to the ground, mixing occurs only on the innermost portions ur the jet,
and it would be unrealistic to take Jg, as the total value ( J, ) for the whole
jet, particularly_in the zone of establishment ( ¢J\,(e < 5.2). We should
rather weight J, to be representative of the velocity and mass flow pertain-
ing to that part of the jet in which mixing actually occurs.

Using the vortex assumptions of Reference 4, and denoting CJ‘ }Cfa. as the
skin friction coefficients of the cushion air and ground respectively, then
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referring to Figure 87
. “a
T — T = e LeViAC

T.-T  CgopevaAC. (227)

The skin friction on the base plate is here neglected as being negligible, and for

convenience we assume that the skin friction in both the ground and cushion
regions can be based on the Ve velocity.

Then T = J — C‘EG—' -/ael,:&(;
T, = Ju - Cga- 46 RC
\=
- T - :\z—ev"&C(cf“—rC{.&);
(228)
LT -3 = Hew Rl ). (229)
Thus from Fig-re 88
Ay, 2 > le:': Cga ¥ .
t T 2 (1’-» C;e) (230)
But from (210) and (224)
%
- T = X+ )
A S vise = (1 + %f";) > (231)

) I
op. = Ok, TOLEY-LENU%D) en

]

where I and ~;\.¢., are given by Equations (225) and (226).

A,f and V%
. d J
are of course mean effective values.
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The solution of Equation (232) can be accomplished in varying degrees of ac-
curacy, depending upon how detailed we care to make the analysis of J- and
A, - Using the simple values given by Equations (225) and (226) and assum-
ing uniform total head in the jet we can obtain a solution which is applicable at
large values of £/ .

-5
b, = A  — A T - ap)

APJ AR e & ?CkAP A pj
= D z
- Yo L ot | ] . (233
(1« iy cx (2 AP})"
The non-dimensional ratids

N \
( \ - A‘P :):4 o :

APy ? 2C P Ce LZrA D

must be known before Equation (233) can be evaluated. However, they are of
second-order importance, since they appear only in the viscous correction to
the exact solution, and they can be derived with sufticient accuracy from ex-
ponential theory. We proceed as follows:

1]
®

py: (234)
My 2[R = R/ _2¥y\ (235
(2 xf= Ay = (me)

The mass flow on the cushion side of the point } is

AM,’}_/‘%

’b/z AR
€ .
Ce (2e0P)* (¢ )

(236)
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Takirg this value as average across the jet
\

~ B3R AR
M, . e _ e o
Cx(eet® ) % — 3R
If the amount of the jet affected is ihe same* as the quantity of air entrained,
then from Equation (236) and (237)
-IR AR “WR 4R
& - R (238)
or 34 - Vo ek Pk = AO);
\ ~G-wYR AR
: -Ml. ) | - (<
- —— % . (239)
Ck (2¢0R) AR

We can also calculate the average momentum flux and static pressure (A{’j )
in the mixing zone, using the same approach.

. 5 2
g - AL - &0,
o 2

2 CA A, (240)
. = "2*_ -247R QR -zz(l-'\-) %
e AT -Zg;(e’ > ‘éje(e ~e ). (241)
Averaging across the jet
\
T -2 (-n) 24
A\)J =) 'é' < - & )
2c L APJ M /"'/Q (242)

* Actually, for entrainment on one side of a jet, it can be shown that

A\n'f\-" = 1.2»'\.N , using the Rouse data.
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The local static pressure is
23K
APy
Thus, the arithmetric average in the region /C/R 2 %> I-n_ is

~265(1 -2%%
AfJ- e ) —-%(e *® )4— e ) (243)
NG
% ~2kp(1-a)  —FR (2
and (|._A,‘) = (e + e ) (244)
A% z
Substituting these values in Equation (237) 5
M = M — RA . (O %

K?J’- AT s \+ 2 W)

= ( Cf'-."' <fa— 3. ( e.%("h?- e‘«-.m).L (245)
( \ +'&/%_\z m"(k/g)"
($4<52)

~2%& -n) - -
€ m - C’Zk/ﬁ e'z%( e’w" | )) etecekrca 2

so that Equation (245) becomes

8 - - R eR(* )
¥ AP R (et (1+ e )(e¥7%% 1)

._C}A_:"C'(" 52% (e,%—- | Y
(\+2Y

S (Pha< §2)-



Also, in the region éﬁ/e < 52,

= O% = O-OF 'f> - B . 2
n = o-oBdhy 5B (247)
w% = °‘°34”"/R . (248)
Substituting in /246)
—Ak , o6dRi
- R ( =)
) J sce . g R oudle Je
INVISCD (t + O qu‘é‘k )(e, 4 \)
_ -2 o-oﬂcf% \2'
_ 2~ (249)
. L R\* )
(V+ oocad :—t> (0-08d AR
Note that the two viscous mixing terms tend to zero as ) ,’é - O .
Within the order of accuracy of this analvsis, a further simplification is
possible, by virtue of the fact that ©-:16 &-"y{{ Z<£ Vo .
This, we can write
eo"‘d%v I = 06 4”@&
~ R
AF_; APy 1aviecrd 6 + 0'04445'- %Y‘ + 994 ’;Rl' )
-26%
— (st Sk e (250)

(v + oot &)

For ¢ A4 > 5.2 we use the normal equations for Jy and uLj which
gives
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é_ft— = Ap — ™ £ I -€ ~
A'F: Ae Pewsc:o (+nfe & 2% e”
A (2
- (C{ -+ C‘fGX‘ - e ) 251
Cr+ M ) CERY
where nw = O-GZ(¢% adl | = . (252)
Note that in the limit A&7 —*> O,
A — Mk o G
AP APJ WAL IC1 O A {4+ "2 (‘%)l

M o.cz({?j:*‘ . G .
R S e T 73 g e T
—_— Dpe — o -

Apj FTY2%. Y111

In practice the case of 4’ ‘% > 5.2 rarely occurs, since it implies
£ > 10, approximately. Thus Equation (250) is of most interest.

This equation is plotted in Figure 89 for the case of @ =0°. 1t is evident
that the loss in cushicn pressureis very large whenno secondary vortex exists,
so that the full static air friction drag acts on the primary vortex. This ex—
treme is unlikely in practice of course, but on the other hand, the secondary
vortex cam -t be expected to be luss-free so that the lower limit will not be ap-
proached either.

These limiting results are presented in Figure 90 in the conventional form of
the cushion pressure ratio against height. The experimental points are seen
to fall below the limit for 'K‘/A- < 2.0, and it is thought that this deficiency

probably represents diffusion losses in the nozzle, rather than a gross error
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:n the viscous mixing theory. Such diffusion losses are considered in the next
chapter.

THE STATIC PRESSURE IN THE PRIMARY VORTEX

From Figure 88 the primary vortex pressure is

Ab, = O - Te+T
P fo- T2 -

in geneial, j: < j-c , due to friction losses. However, the air must flow

back to tne jet, so that we can never have the condition J, = 0. At the present
time, therefore, since we are necessarily ignorant of the exact value of the
entrainment function w- and the distance over which entrainment occurs, it
seems sufficientiy accurate to assume J, = J¢ and J; =0 as the two extremes .

Since J =% - A ceof] (-ézsﬁ(.--,)_ equ);

\+np 1+"2 wnAR

-24R
2Jc = AP e T oi16¢; (254)
A C

_2¢
- AR «:‘)-nic:be,:“‘2

U]

L2

— 248

B AL E

iy

where 0.16 is used when j: = 3; , and half that value when J; = 0.

Equation (255) is plotted in Figure 91 together with the available experimental
data. The nature of this particular measurement inevitably gives rise tc a
great deal of scatter unless the experiment 1s specially designed fer it, and it
is noteworthy that the two Hydronautics24 measurements, made during a pro-
gram specially designed to study this effect, agree very well with the theory.
The Aeronutronic data are very scattered, indicating the possibility of low ac-
curacy, and the Iowa State data, while consistent, indicate much lower values
than the other two. Thus a new and quite detailed experimental investigation
is evidently necessary before any firm conclusions can be drawn.
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Chapter Seven

A SMALL PERTURBATION THEORY OF DIFFUSION LOSSES IN AN
ANNULAR JET NOZZLE

NO DIFFUSION OCCURS
I(N THIS REGION

7 7 7 7 7 7 7 7 7 777
Figure 92. Basic Geometry of Nozzle Diffusion.

We come now to a second important source of loss; that due to the diffusion
which occurs on the inside of the nozzle as the local velocity slows from

’\’;/ to '\’b

The existence of such a diffusion loss was postulated by Payne in 196413 and
was first measured in the present program. It appears to be a significant
source of energy loss at normal operating heights but one which could easily
escape experimental observation unless the experimenter was actually looking
for it. (In this regard the Chaplin annular jet rig used by Payne, Inc. is a very
powerful tool, because of its excellent flow distribution in the nozzle ducting
upstream of the nozzle proper and because the pressure loss appears as a
"gauge'" reading . )

The existence of diffusion in the nozzle is easy to understand, of course, be-
cause the jet must balance the cushion pressure, which is necessarily higher
than the static pressure in the nozzle. Typical wall pressure distributions
obtained with the Chaplin iest rig are illustrated in Figures 93 and 94.
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Figure 93. Static Pressure Distributicn on the
Inside Nozzle Wall.
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Figure 94, Static Pressure Distribution on the
Outside Nozzle Wall.
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The present state of diffusion theory can hardly be regarded as satisfactory,
of course. However, the theory developed in Chapter Two enables us to ob-
tain an estimate if we assume that diffusion takes place at constant static
pressure.

If 437, is the velocity of a filament in the nozzle, before diffusion starts, and
~/; is the local velocity in the developed jet, then the total head loss AH is
given by Equation (80)

2
s = (/- R/ - dgu)
—— _‘r . -
AP; N a4 s (256)
where 4 ﬁ, = static pressure in the nozzle duct upstream

of the diffusion section
A g total pressure at the same station.

APPROXIMATE SOLUTION FOR A "STRAIGHT'" NOZZLE

In this section we assume a conventional straight nozzle and an "exponential"
jet with an initially constant total head distribution.

-2
Thus Aﬁg - | — 2 3R . (257)
A J'
The mass flow is given by /k
24F ) 1 -~ e e
R .
N ( ) R (258)
For simplicity, we define
P /
ZE ¥ &
A
. *-3R
Since '03 = (%46) e )
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=
= e [}
.;',-3 R (260)
-
Also, since MN = I = )¢ v”/cS D.
\ D J
4ag
A _ _ (261)
- 1= 4

z . 262
AR = (262)
Note that AH =0 when
SR
v
(263)

nm- /&}7 (264)

Equation (262) is plotted in Figure 95 for a tvnical case.
This approach can be regarded as a "small perturbation” analvsis, in that we
neglect the change in A5  caused hyv the ioss n toti aead. A more exact

treatment would result in larger calculated 19 -es.

MEAN TOTAL PRESSURE LOSS

The mean total head change will be given by

on—

£
AP = Af,? = :(L;4:AH’A},

=

aF

-

&
= | - )75/64/’ —2ye *"fezw)‘ﬁ (265)
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LOCAL PRESSURE LOSS RATIO AH/AR
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— _,% s
f_pP =/ - %« [% — /¥ -2(1-ve ) «gﬁ-fej’ﬁ]. (266)
P

The loss component of Equation (266) is plotted in Figure 96. At a height
corresponding to AR = 2.0 for example, there is a 5% loss in mean total
head. The actual cushion pressure loss will be somewhat greater than 5%,
of course, because of the unfavorable Af,’ gradient resulting, even though
this is offset, to some extent, by the thickening of the jet. It will also be
greater by virtue of the '"small perturbation' assumption, as noted earlier.

It is interesting to note that the actual pressure loss measured in the Chaplin
rig (Chapter Four) was 4%, instead of the theoretical figure of 2. 5%.

TOTAL POWER LOSS DUE TO DIFFUSION

Power is defined as

p .
) / AFs A . (<67)
The power loss is
A = Fu -3
or éﬁ = / - X_. .
PN YN

We are interested only in that part of the jet in which diffusion occurs, of
course.

The power of this part is

’ 74
5oo- f{ae-w)«gd;

=/A 39 /""L‘”{} (268)

The power of the remainder of the jet is
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(269)
Thus, the total jet power is
& G
) i} .°/ af %3 - / ahs 4Gy . e
The power before diffusion is

? = AR —\IN'é— .

This must equal the first integral of Equation (270), irdicating that the jet
thickness zéj is greater than the nozzle thickness. In fact, for continuity

WG =
. . A .
A, _'7.;’ ’Lé

Substitutin in (270) and dividing (270) by (271)

-
AY - /; AH ~y, A3
Pn J 48 ;€
&
= L ) ad o«
A A AP 3
d - -
e L1 2yt H g
3/

This is exactly the same as Equation (266).

184



Chapter Eight

COANDA JET FLOW

Figure 97. Basiz Geometry.

From Equation (91), the equation governing Coanda flow can be taken as
"free vortex" if the wall radius is constant; that is,

ig 4-;___.’.3A163 -++3AP 273)

/ for which the general solution is

_2 4 248 2/1,
Af’} B ‘*3 G4 vk ] (274)
- B / 2‘3( +3)43 . K (275)
T ) (- -+ A
(o+3) 4 (%+3Y
when 3 - £ %

q = /Apfﬂz)dzu
= _2
" g [y o
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SOLUTION FOR CONSTANT TOTAL HEAD

When APB = constant = APj , say,
AF, . €
-3
3R (w vy 73+ % ]3

= -2 [%0-3)+ 5 -O]]

(277)
(% + 24 )"

At the wall, therefore,

2’;“’ - —2(t) - ¢4, . (278)

The local velocity is given by

AT, o= - A 2
eyt~ (T )

(279)

(ZoR)" T (280)

Since in parallel flow
ey
g
(28R

the velocity ratio

AN
- o
’\r,;, (281)

f
4
RS
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This ratio is a measure of whether separation will occur when a straight sur-
face follows a curved one, as in Figure ¢8.

—) DIFFUSION
THIN JET —J  REGION

THICK JET

Figure 98. Separation of Coanda Flow.

Even if the diffusion is distributed, by careful blending of the radius and the
straight section, we must expect separation when Vw A5y >2.0 ( &4, > 1.0).
When the flat section is merely tangential, separation can he expected to occur
at a lower value. In all cases there will be some loss of jet total head, of
course.

Figure 99, derived from Equation (278) gives the wall static pressure as a
function of the jet thickness ratio £/, . In Reference 25 an experimental
measurement is reported, in which a 1/8-inch jet, at an initial (nozzle)
Mach number Jf 0. 68, is deflected by a curved surface of radius 2.5 inches.
The surface pressure is an average of

Abw = _o.1.
i

The theoretical figure is, from Equation (278)
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M .o :
=-2x.05 - (.05)
Ae
=-0.1025 &

The agreement is therefore very good.

APPROXIMATE SOLUTION FOR THE BOUNDARY LAYER EFFECT

Let us define the loss of total head due to skin friction as

£
5 = [@r-08)y - [43)%G,

(282)

- ¢(B) (283)

|

50 that A FS

where 4’(3) is understood to be finite and positive near the wall, but
equal to zcro over most of the jet. Substituting (283) in Equation (276),

Af, = (V,ﬂ, / [AR ~¢@) ]Fa+3) 43

= [f A8 ar ) = f W4~ ) 54‘6)43]

(284)

This is the same as Equation (277) when é is large enough not to include the
boundary layer. When 3 = O, however, we have

Apw . Bpu + 2De

O A -_— 285
AF AF wwscrp A Sk

o

where D = C?'/zf'\":»e.
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e

That is, D == C:L(AG - &My )
A?\V 2= e:tw

—= + 2C V- A
APy ' AR s ¢ /%( A-p‘:ti )
= A o PCeth,
-z-p+-? IvvISCe) CF v s (286)

i\ + 2%‘1‘(0

This solution is only approximate, of course, but it does show how skin
friction causes the wall static pressure to increase as the jet moves arcund
the curved surface, and why the flow eventually separates.

We can obviously solve the equations for the case of viscous entrainment on
the outer surface of the jet. In this case, A% decreases with increasing
path length £ = %© | and the thickness ,& increases. There is probably
little point in doing this unless we use a realistic velocity distribution for the
jet, however, and the magnitude of the task then renders it inappropriate for
the present program. There does not seem to be any good reason why this
approach should not adequately cover the Coanda flow problem, however,

and enable both performance and stability to be predicted. Needless to say,
such predictive ability would be highly valuable, not only where Coanda flow
is required, but also where it is not desired.

From Equation (279),the local velocity in a (free vortex) Coanda flow is

- = 2 g }& ‘;'0 /e
‘r’a <F AF; ) ‘ ;5;‘3 ‘ (287)

After diffusion, this reduces to

5 - (2 (0% - am)®

D (288)
A H being the total head loss, which is given by Equation (80).
- — Vp )* ]
That is, A”ag = () :;{:) (- Af’%l’;) ) (289)
. = \r'l. | - r &
.. AH sgevy ( -,-3—2) , (290)
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1, = it Ve Ag , the nozzle dynamic head to ambient.

Then

% L B
- A P L. O ]
o 26 AP 3/ 308)*
= __5,""’ ~ 2.V — v/ p) 4+ |- 4 |
?,QAP ( Ap)""(' éP) \ e
Noting that AP_‘ * 9, and (2 APD" ~,

ZAH’ = — A s + N

s \ 2(%90)0 - %I—:) (’_‘u.—"i) (291)

%

-A . . - . . _
| % is obviously similar to the conventional diffuser loss ( { \ZD ).

2, - 2@« @ -1 -0 s

% 1, ~5 ) V3 '-}i
B = AX vl a(F)], (294)
114
and /A = 4 4+ “fgo['/z - k@*\@)] , (295)

This function is plotted in Figure 100.

The average diffusica afficiency over the jet is therefore

¢ \
. '/z ~ '_éj 1%['/2 i %"ZJ ] 4’3 (296)

= &+ 2&,_[ [ - +Cx) ]“5 (297)
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As indicated in Figure 100, there is no solution when
Az \&
( 'j‘ ) > 2 L4 o .
va

1
That is, ‘\1'3/‘,6 > 2.4'

or ek > 2°(+,+3).

This is most critical at the wall ( 3 >0 )30 that the requirement for a
solution is

‘%
| «+ /t/l". < 2

or /e/'d Ve O-A\4.

If we had used "'small perturbation" theory, assuming that the total pressure
loss did not reduce the velocity after diffusion, we should have obtained the

result &46 < 1.0 for a real solution. Note that the Equation (298)
"stability' limit corresponds to

Abw >

= -1. 0 »
AP\ MAX.
Substituting Equation (287) in (297)

—

- ! -{o../é - "f-oA‘
A T TR = kS
Let 44/6"
X _r}
Then 3 s 4,;(/(: _—
o,L} = _ A+ K
OLX Xl-
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Xe
> = & ° é‘i:ej.-'%,(f[n—x’g]‘atx
xa

X
. g, .
z 7 + Jé(%4,)[—(2~xz)* a%lzi‘;(z'x)"lj.
x‘
Now
X, = 1+ %44
x/t e I .
6} = I/Z + ‘é(%-?l)[(Z“ |+/e,<f:. )ja
-1 4 z'*,e.alwzq’j
. — *\4
Sl ] o

It can be shown that I’A ~—» 1.0as A?(o—-b- 0, as should be expected.
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Chapter Nine

TWO-DIMENSIONAL FLOW IN A CURVED DUCT
WITH CONSTANT TOTAL HEAD

The flow in a two-dimensicnal curved duct involves sudden diffusions when the
curves are radii, tangential to straight ducts. These can be treated by the
diffusion theory :.eveloped in Chapter Two.

-\__ SUDDEN DIFFUSION AS STATIC
PRESSURE RETURNS TO THE
STRAIGHT DUCT VALUE

SUDDEN PRESSURE
RISE ON THE
OUTSIDE WALL

PRESSURE DROPS
ON THE INSIDE
WALL

Figure 101. Flow Separation in a Curved Duct.

The physical picture is illustrated in Figure 101. In real (three-dimensional)
ducts, the pressure differential across the bend generates secondary flows in
the boundary layer of the side walls, and sometimes in the middle as well, and
these secondary flows can mask the simple picture shown in Figure 101.

In this chapter we confine our attention to the simplest possible case; a duct of
constant thickness, which corresponds to the free-vortex flow of an annular jet.
There is no reason why the more sophisticated general theory should not be ap-
plied, of course, provided that we remember to include the equation for con-
tinuity; that is, to take account of the variation in mean velocity as the dis-
tance between the walls varies. This would enable us to solve problems of the
type sketched in Figure 102 and to determine the optimum duct bend geometry
for minimum loss.

In addition, there is no need to limit the theory to the constant total head case
of this paper, of course.
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Figure 102. Cases Solvable Using the General
Theory Developed in This Investigation.

STATIC PRESSURE AND VELOCITY DISTRIBUTION

N L K L T . §

Figure 103. Assumed Geometry.
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From Equation (91) the local static pressure in the bend is given by

& + 2 A

= ,_2.‘_ AP U
d} 'f,-‘} 15.'3 } 2
af - BfGra)agy <k
(- +3)°
If Ag :  conslant = AP , "‘:)
_f)_A = 13 + 3: + L
AP

(% +3)  (F+3)

The local velocity is

™

5
Gyt~ (17 )
. (T
Te v 3
The mass flow is -
P = eC[vb o(.é
= c(eeA?)”[k‘t’K £

-P.a-}

>

C (2¢aP)*

= C"Si"K)K”e"U\| 4—/54" .

But if the duct width before the bend is also A ,
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(302)

(303)

(304)

(305)
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Equating (306) and (307)

2 2
e 74 4‘—,{:5'[1'3\”/%,”3
K =4 - & Q1 - Shspe) (308)

[oglt + 44,11

Substituting for K in Equation (304),

Aty == (YO - Myp)

e 2 309
AP NG DI (39)
which tends to AﬁAP as 4, —=> 00,
From Lquation (305)
/\rb >y_,_ = /67'0' (‘ - Aﬁ/L\P> (310)
( 2p 4P ( '+ M,)/e,};u,e,qo,
or, since ‘\I;L = 2AP (I - A”"’/AP)
e )
3 E A o - . (311)
~, ((* 5‘/,0‘)10;'\+-/e/ro’

As /%o—* o,
)

I+ 3/

The wall velocity values given by Equation (311) are plotted in Figure 104.

—

b

THE CONSTANT VELOCITY STREAMLINE

A streamline exists, near the cenier of the duct, along which there is no
change in velocity; that is, 4—3‘ » % . From Equation (311) this is given
by
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(%O)S - Mo — 1

(%>, -y
In the limit A4 —» o,

de - %

s

as should be expected. The general solution to (312) is plotted in Figure 105.

MASS FLOW DISTRIBUTION AROUND THE BEND

By integrating Equation (310) across the duct on either side of the constant
velocity streamline we can obtain expressions for the mass flow on either
side of the constant velocity streamline.

-n;\-o“m = /4} [(/‘4 "Me)»(’cr; (1 */‘7'6)] (313)
M Terac o (7 + “54.)
__’émﬂfe - ,67{;/4,/&3.(! + G40 ] . (314)
v ToTAL Lo . // + /e/fo )

These Equations are plotted in Figure 106.

TOTAL HEAD LOSS ON THE QOUTSIDE OF THE CONSTANT VELOCITY
STREAMLINE

From Equation (80) the total head loss in a constant pressure diffusion is

8H . (= YN, — Ap. (315)

200



..

0.8
0.6

0.4

0.2

201

\ -
e —,
0 0.5 1.0 1.5 2.0 2.5
DUCT CURVATURE RATIO Z/4,
Figure 105. Position of the Constant Velocity Streamline.



1.0

0.8

0.6

0.5

0.4

0.2

..o~ CONSTANT VELOCITY

STREAMLINE
|
M INNER
/ *“TOTAL
ré--- - -
“OUTER
A TOTAL
.
0 0.5 1.0 1.5 2.0 2.5

DUCT CURVATURE RATIO Z//,

Figure 106. Ratio of Mass Flow on One Side of the
Constant Velocity Streamline to the
Total Mass Flow.

202



Since Ap(‘ ‘é\:‘) =

4,0, this is more conveniently expressed as

AM - _ N
1. (1= 3.

(316)
Substituting Equation (311) the mean loss is
AH _ |
(3 / T - Taw
Vo “ouvrea

(14 3 V';( %)
& £4,
= |\ "‘k/éo s /(’; -_2>_—
g1+ 4%,) "n('** “) ¢ '*“X‘:L’f’s)](sm
{ -Fk/fd 5—{;2(—”.“"’&7{"0)‘

TOTAL HEAD LOSS ON THE INSIDE OF THE CONSTANT VELOCITY
STREAMLINE

For this case, Equation (315) becomes

AH - (1= Vo S/ - Dby, -
8P a (t %;(l AP Je (318)
But AP(1 «Af%) = AP - Aofz,z' = 50"
= 2 ('\1’%&) y
A = (—v' — ‘5
— 319
q, (319)
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_ 5 2
. 8H ) = A / [ A -1 ] A&Ao
Vo Yemsa 3‘5/" o ( I+ Mo)l’s( | 4»,4;40 )

= A l e _ 2.&}__./551‘1———-ﬂ—l
4 Yo' - ko + (]
Aog(v+ 47) o) +4%0) . (320)

ey T

MEAN TOTAL PRESSURE LOSS ACROSS THE DUCT

Summing Equations (317) and (320) across the entire duct

o ) B (tfo ) -\,
4@ ToTAL ( I+ 4, / "‘) ["'DQ *A?!"')]z

Equation (321) is plotted in Figure 107.

(321)

THE LOSS INCREMENT DUE TO SKIN FRICTION

[

We can obtain an approximate figure for the total head loss due to skin friction
from the relationship

A BH = C{;[}z,v;e«o + }«zevze(-r,*,e)]

(322)

%’_“_ce = OC 1y (:’j:) (v + A4, X ,f) 1 (323)
o

-2
= ec}.%- [' + 7;‘}'%][”3(“*"&] . (329)

0
This result is overplotted in Figure 107 for € =90 and C;, =.004.
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COMPARISON WITH EXPERIMENT

The writers of this report are not aware of any two-dimensional flow meas-
urements of curved duct losses, so that direct comparison with experiment
is impossible. Reference 26 presents data for rectangular ducts of various
finite aspect ratios and, as shown in Figure 108, these results fair into the
two-dimensional solution very convincingly. However, an appropriately
planned experimental program is essential before the basic hypothesis used
in the foregoing analysis can be substantiated. Such a program would then
permit embarkment upon the analysis of the secondary flows in the three-
dimensional case.

It is perhaps worth pointing out that extensions of the present analysis to the
more general case offer hope of defining duct bend shapes for minimum loss.
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Chapter Ten

FLOW INTO A TWO-DIMENSIONAL FLUSH INTAKE

(a) Actual intake flow.

s \\\\
l

(b) Ideal intake flow.

Figure 109. Flow Into a Flush Intake.

An intake which i . at right angles to the free-stream velocity is often highly
desirable from a practical weight and size point of view, but is difficult tc
design for high intake efficiency. This is mainly because of the flow break-
away which occurs on the leading edge of such an intake, as indicated in
Figure 109(a), in contrast to the hoped-for inviscid flow picture of Figure
109(b). Even the latter would present problems, however, in that the
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velocity would vary across the plane of the intake.

In this chapter we attempt to lay the foundations for the analysis of such flows,
using the same basic approaches that have proven successful for curved jet
flows. The subject is complicated by the important effect of the upstream
boundary layer, and by separation due to sudden diffusion on the intake lip.
Thus, although we shall develop the theory far encugh ¢o obtain closed form
solutions, we will not attempt to "'fill in'" all the details, this being beyond
the scope of the present program. Sufficient work has been done to indicate
that this approach should yield good results, however, and to show that its use
will improve our predictive abilii,;y To cite ¢ ly two examples, it is found
that the "momentum drag" is not equal to the product of the free stream velocity
and the intake mass flow, and that the efficiency of a horizontal intake will de-
crease as the free-stream velocity increases, due to leading edge diffusion.
Both these points might be of importance to a vehicle such as the XV-4A, for
example.

'u.

Low SPEED (4, <"-7:)

U, 2,

HIGH EPEED

Figure 110. Flow Into a Flush Intake.
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Two-dimensional flow into a flush intake must of necessity adhere to the body
surface upstream of the intake, as illustrated in Figure 110. Thus, if the ex-
ternal flow is undefined, so that the surface pressure distribution is unknown,
we are unable to calculate the effects due to the tilt angle. For small angles
these effects will presumably be of second order, however.

The flow illustrated in Figure 110 must satisfy the equation of curvilinear
flow. That is,

b 4+ 2 4, = 2 — AP.,}. (325)
oLy Tor 73 7%

The curvature gradient ¥} will depend upon the intake velocity ratio

( AXfxn6 ), as indicated in Figure 110, the flow direction being reversed
from the conventional annular jet direction. If we retain the annular jet as-
sumption of constant boundary radius, then solutions can be obtained in the
same way as in the earlier chapters. It is possible that the constant radius
assumption is an unnecessary restriction, however, and that the results can
be made more general in future work.

Additionally, the free-vortex and exponential theory approximations are
still of value; the first_is applicable in the region <t¢Z¢, ===1.0, and the
second is correct as A+y4, - o . For ,u%‘ > 1.0, the general
theory must be used.

MOMENTUM EQUATIONS

The geometry shown in Figure 110 assumes that a straight-walled duct follows
the radiused inlet. Thus the line A-A theoretically makes a discontinuity at
which the static pressure field changes, being some function of 3  above
A-A and uniform below. In practice, the boundary layer will thicken on the
upstream wall, of course, in such a way as to avoid this discontinuity. In
fact, if the velocity at the 4 surface significantly exceeds the mean duct
velocity, flow separation will occur at the point where the “; radius is
tangential to the duct.

Noting this reservation, the horizontal momentum balance for \( o gives
/ (O/u‘o‘;} = 4 (&b —2p). (326)
Qfd
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_ R o
If A = S /“"’7, aadl X - k—:—;”é‘:«.dﬁ

R—‘f' “ 4 )
o ’ =
[ @ f oty

then
R

‘[ ‘o/u,"o% = A(’z‘:—t (R’f;) = ‘ﬁ(%'df.) (327)
= A -4
@g | + '%)T:{‘tf . (328)

Since e‘-”f;*?* ) e/r‘, g l"'?%o;

z Ap, — Dp,
;7/%‘ el (329)

If we were to base the calculation of '7 on continuity of mass flow, then

(R-~+Nax - &= ;
. % S AV
3 9 - % ) (330)

This is not the same as Equation (329). Thus '7 differs depending on
whether we assume conservation of momentum or mass flow. We do not
know at the present time which is the more correct.

THE FLOW EQUATION FOR CONSTANT TOTAL HEAD

The total head distribution AP may be considered constant and equal to
( )s (’M: ) if the upstream boundary layer is of negligible thickness. The
solution to (325) is therefore

~2£ 3 2 -
by oy [2 [V K] e
3 €4 e
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Ay L ) [{(**73)}+_'<.. [

Y2 €AL eus
_ | €, % <
- - T, + 73) = )i(u.,,‘(f‘ -,.-7;)2/7 (332)
Ap . K
by eany 5% pars A
&
A‘P} = | —_ = M,
“2/%
A . - 7
/E{'»«.‘ ! (! Jécw» X & to + '?b) (334)

INTAKE MASS FLOW

The local velocity is

e . — Ak
oo ( J;Til>

= (v~ %f‘ > "*")i‘) (335)

Thus the elemental mass flow is

oL"Wl' = fzﬁ'«ss ol} = r/(r L3 p, ( - etg )( 4.«—73 g
; = — &4,
T f/G—M ' Z’%A ) /( *’7} (336)
> = e ( 'fa/t .
A Tyl [ v } O
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I»

Ap, appears as an arbitrary constant because the mass flow is arbitrary, so
far as the intake is concerned. The actual value of 1%\,. depends upon the de-
pression existing in the intake, due to the fan or other air-moving device.

Writing . % = (”b/‘:’l )
\ -7
- -fA,— 7
e = "/‘7 — A"’ [ ® — .l
vl =7 [\ ,ﬂw‘) ('°/e+'7 J(338)
7.
- A AL, 1-9 ”-
.or | _f: ( *‘/t [_'{uq> |] (339)

Substitution of this in }E_.quation (333) gives the static pressure distribution in
termsof ¥ and ( 4 /M‘, ) only, the latter being easily eliminated
(Equation 330) for the case of conservation of mass flow.

THE FLOW CURVATURE PARAMETER '7 FOR CONSERVATION OF
MOMENTUM

From Equation (334)

24
A, - DA |- B qu - 4
g € ns - Bead A Telern > zxfi

_ ,«:t,z(\”?) [| (44-6/‘, 2/7]

e "*'*"' . (341
Mo ("3 /4:') ‘/ 'f,& )“,‘q" \ -‘?_ ( )
v f.kaov‘l h -
Equating this to 2'7/ o , as in Equation (329)(the conservation of
momentum criterion)
P T
1—?9) = 1 ‘-V’) [‘ ’tk-rv J o
t Y Tole [( Yo fe \l-ﬂ . .‘ (342)
—f/‘-} n _



This is explicit in the sense that defining ¥  and ﬁ/c automatically de-
fines the intake velocity ratio ( /4, ).

Since we cannot expect to have R)oo or R<¢ Y, , these limits define the
real range of \7 values. In the latter case, \7 = 0, of course, while for
H

L]

R—=>0e0 4 +gt = o=
V —> oo,

The conservation of mass flow relationship for ¥] is given by Equation (330).
This is compared with Equation (347) in Figure 111, and the difference be-
tween the two is seen to be appreciable for low values of A4 A..o . This
may be interpreted as indicating a limitation of the constant flow radius as-
sumption, or that the differential pressures 44, and A,f‘ act over a greater
depth than the assumed value of ¥ . The latter is felt to be most probable

at the present time; but in the work which follows we derive solutions for the
conservation of momentum case only, since the conservation of mass flow
solutions turn out to be the same, except for the relationship between 7 and

A foro

THE STATIC PRESSURE DISTRIBUTION A»f’é

From Equations (334) and (339),

N/
Aﬁ-; = | — 2y (1,&4—'7\ . (343)
"é_f”'o ﬁ/ﬁ[‘ — 2&~‘S”6}
"0/3.4"7

Note that the intake velocity ratio does not appear explicitly.

From Equation (335) this gives

|/7
Yo/3
:’} = 3. e = 1= (“" >+ 7 )
./::ﬂ A&‘ E‘
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LIMIT SOLUTIONS FOR 97~ O, A% = CONSTANT.

—f

From the exponential theory solutions of Chapter Four

A,Ps _ é.Z}/R [g'/Q /e23/P;L.} - é’-ls—;_ ]

Jg ol e
¥R
= I . S ,
FCo
When > o , A’Pb 2 API )
(' - A+‘ = ‘ i K - .
B A, JegMe )
- Ap ~23&
o S2 s V= (= A TR
The local velocity is therefore
~J~ % - 3/§
4-—-—?" = < ! - A: E, . ) e )
Ao *§ paro
and the intake mass flow is £
oy - ek (1 — %’_E' ))4 e—‘}ée
Pro 7 % d
= A, (1 = B4 | - _ER
(e (- SN - ).
Since ~ = 0 A Ay
A ¢ A /R
A Mo { <

(345)

(346)

(347)

(348)

(349)

(350)



Substituting in the static pressure and velocity equations,

_ — 2 (%) %R
SR 3 Shiis )
Heay ax ["—“‘, e R (351)
B . s . ar | JOEIR)
&, any  AK | — e 7T® (352)

It is of interest tonote that the local velocity ratio ’\’i /A:., is independent
of the flow ratio (44 /4., ). The function (V3 A-;_. ) is plotted in Figure 112,

SOLUTIONS FOR ¥ = lo, AR - consTaNT

The free-vortex solutions of Chapter Four give

Ay - (mey) [2(h3e ) - .

5 @ ang tiza (353)
When 3 = O, A’P} = A4,
A, = ¥ .
4 P Seas N
*
- 21, o \%
Ap, = (223 + 3 ) 4 éf'ﬁh T} .
(% 3y geas \ N3 (354)
The local velocity is therefore
o e Wy 3]"‘
Ay, CHot3r > Yeauags \ Lt
Ya
= o <‘ - % ) .
4ot 5 e (355)
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Thus the mass flow is

. 2
T p e (1 - %:E:),&)(l + 4 ) (356)
= (’/6-/(:’;:'! ¢
e _
( |- A = (A A ) 57
4 o ,(.,3 (v + A4)
Substituting this in the static pressure and velocity equations,
2 . — -
My . - (___,_.’“ S'C"’/ﬂ) (51w
T e Y [y (1 e mpd |50
7 = Mo - ( Bl KA (3s9)
A Ay A% e W/ oy (14 A1y,

Once again the velocity ratio ‘Ui/&,, is independent of ( ../, ). Equation
(359) is plotted in Figure 113.

THE FLOW EQUATION WITH AN UPSTREAM BOUNDARY LAYER

When the upstream boundary layer is significant, in relation to the size of the
intake, the total head distribution in the on-coming flow cannot be regarded as
constant. Thus, Equation (331) now has the integral

3 %,\
.[ (= +73) AF 43 (360)

-1
instead of j ® (*s + .72 >% d_} .

a

(361)
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In addition, the value of the curvature parameter ( 7 ) will be larger, from
Equation (329).

The appearance of AP in the integral means that it must be analytic

( A? 3) ), so that we have to make appropriate idealizations for

3[(} ). There is nothing particularly difficult about this; we have already
accomplished it for jet flows, but the reduction to numerical results is time-
consuming, and is not within the terms of reference at the present program.

SOLUTION FOR A THIN UPSTREAM BOUNDARY LAYER

We may write A% = ?‘“: - 4’C3) (362)

where ¢ (}) = 0 over most of the intake, but is finite when 5-’ o . The
general solution to Equation (325) then becomes

=% > -1
Ah - (1) 2 Jore 73 45
é?)"‘o b

>
—2 [ F+73)43E) 4z 4+ K . (363
[ 7 e ™ 7 ges J.

Now, since 4’('}) is only finite when 73 —* ©,
%1
7 - 3) .
S L
¢4 Z-1 3
: / 25 __3),( A o j 4>(3) 43 . (364)
. 0( ')é) z( - } /’if‘“:— ?

Note that this approximation improves as the boundary layer gets thinner,

7, gets larger, or 7 approaches 2.0 or zero.

Now at constant static pressure there is a simple relationship between the
skin friction drag and the boundary layer momentum.

'—D’;F = F‘[(/%M "/\J:‘)aLJ
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[ 8

and writing AP "’(M this becomes

%}r - J {[%A%.%.A%—¢(§)}"L— %[A%—d’(z)]}"(é}
%é%ﬂo — C:_%))‘i--\ + %%7} Ay o (369)

If .2%24’{"01 (' %2)’5”:‘—;@-

AC, = AR )
. De = AP ¢@)d f ”d,
s — ° & = 3 « (366)
4 o AP®, - o )4
Thus, Equation (363) becomes
Alﬁﬁ——— = [ \ —f JTo_ % - (‘DF/G ) ]
1oy For 3 Dy eM C”o*")) e ("*’7})
When 3= 0, A’ﬂ = ~A‘P, )
K = 2/"64’1 -+ 24 s (’DF/G')
-%?“: Sexs 4 (’ axe
24 1/
Mré = ‘ —_ .ie.-. 7 -+ &, QCDFA') IO
}Zf’“: e 7}3 'ifM (4 "73) + = (’Ao (,, _'_73>
2
- :s__\’[. — op _ 2D ]
Tt 7% Zeas EALS (367)
Thus the square bracket replaces ( ! Ah/,;‘, ) in the previous constant

total head analysis, and the rest of the reasoning can be followed as before.
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MOMENTUM DRAG

The momentum of the free-stream air swallowed by the intake is initially
R
2
/ P 0(3 .
%
R

Now "M d'(j > ‘V;\- ®
+0

Thus, the momentum drag can be written as
R
2 -2
Dm = _[ Sl = )\fu-»,,(Q~‘*a)
To

= )1’;\" /;O ¢ (368)

This is quite different from the traditional value e, , particularly if the
intake is mounted some way back from the leading edge of a body or if there

is any drag-producing structure (such as a sharply radiused leading edge) in
front of it, whereby the mean velocity &, is reduced. Even without drag
effects, however, distortion of the velocity profile by the presence of the body
will result in X differing from unity, and hence changing the momentum drag.
It is easy to see from the studies of A in Chapter Two that this could influence
the momentum drag by a factor of two in certain cases. Thus the reported mo-
mentum drag anomalies may be nothing more than the use of an inapplicable
analysis.

SOME EXPERIMENTAL MEASUREMENTS

The efficiency of a ram intake is usually stated as the ram pressure recovery
ratio ( Y]& ). The flow is approximately one-dimensional; therefore the total
pressure in the intake may be written as

W

[ 2
P FEA Po *t 2€% PR

S ke )

Yo erro
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Te ~ %“: + (E?;L) (369)

where A’f: is the mean static pressure rise relative to ambient and A4 is the
mean velocity in the intake.

Intake Power Efficiency

For a flush intake the ram pressure recovery ratio does not have precise
meaning. Instead, as a measure of efficiency we consider the power content
of the swallowed air in relation to its power at free stream velocity. Power
over an area A is given by

D% = fAAP.,uAA

(370)

and we define the efficiency as

Te =

jA’AP,M,O‘-Ac
A 4
/ AP, s, <A,

g'bh“- T YA, 72

(371)
) )
Jo vy

where »» is the mass flow into the intake.

That is,

17), = Duct airflow power above ambient
Duct airflow power with no loss

If A‘h is constant over the duct area A, Equation (372) becomes

#,
- LAd 3
737 /_'2_?_’::; + ﬁ: ‘[,u, A, (373)

and if «+ is constant also, Equation (373) reduces to Equation (369). Thus,
the iniake power efficiency and the ram pressure recovery ratio are identical
under these conditions. However, the power efficiency has the advantage of
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having an exact meaning, both in this special case and generally.
At low value of the free-stream velocity (4, = 0), the eificiency has a large
negative value since AP, wili become negative when the free-stream total head

is insufficient to compensate for losses in the duct.

Experimenfa.l Measurement of Intake Power Efficiency

As a simple experiment to establish the power efficiency for a two-dimensional
flow, an intake was constructed in the floor of the Eiffel tunnel at Payne, Inc.
The aperture was connected by a short length of ducting to an antechamber ex-
hausted by the intake of a centrifugal blower. The general arrangement ard di-
mensions are shown in Figures 114 and 115. The air flow was examined by
means of total and static pressure measurements at the throat of the intake, at
the mouth of the intake, and at points near the tunnel floor upstream of the in-
take. Additionally, the direction of the flow at the intake mouth was established.

These measurements were made with a directional probe. This instrument
does not sense static pressure directly, and a calibration was necessary to

obtain static pressure data.

Calibration of Yaw Probe, for Static Pressure Measurement

The sensing head of the yaw probe is cylindrical, 0.120-inch diameter, with
three pressure tappings at ang'es approximately -30°9, 09, +30° to the refer-
ence direction. The method of use consists of rotating the probe about its
axis until the pressures in the side tappings are equal. The center tap (and
reference direction) is then in line with the flow and senses the total pressure
of the flow.

The pressure around a cylinder in incompressible flow is given by

2

A, = 4, + Co.xpv (374)

where C p 1s a coefficient depending only on angular position around the
cylinder with respect to the flow direction. For the probe as used, the angu-
lar position of the taps is constant and therefore Cp is constant. Thus, the
common pressure in the side taps is given by
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Pr = Bt CeCha-4) hew = P

"— Cp = 4"’ -/P“
't’s — “ba

. (375)

Cp was determined by setting up the probe in the main tunnel flow and
measuring 1», -/P“ ) /p: - f:& .

The actual values were

| — Cp = Pr=—pa - 441 . (3

-P"'/P“- 2'?)’
CP = — 0.€3, (376)
In general
$r = by + S (P-p,)
_P‘ = /E - Cp .p
1 - <p
= »-F . F
= o62($-P) +P (377)
k8
and )2(’“' = = O-C\?—C/F," P) . (378)

In the tunnel experiments , AP. of Equation (371) is,with respect to the
tunnel static pressure ( Afa,), representing the total pressure above am-
bient sensed in the intake with forward motion 4~¢ . Thus, if AP is
the measured total pressure with respect to room static
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>
-0
"

P — O,

= "2?/“‘, A AP- (379)

Therefore, the expression for '7,? becomes

"

x x
f _ir/u.: An dx_ -+ /APAA-. A
- °

I+

Vo " g
= \ A+~ A 'ZP/(& =
)é““‘: a ' . (380)

4
Since AP s essentially negative , ‘[AP“H“"‘ represents tne power lost
in the intake flow,and the term 2_/‘&- Jo ‘AP, da may be called the power loss
factor of the intake. Obviously as the tunnel speed is reduced the power loss
factor becomes increasingly negative and leads to negative values of 7
The experimental data are given on Figures 116, 117 and 118, showing the
pressure and velocity distributions at the mouth and throat of the intake. The
power loss factor was computed from the throat measurements.

Here the values were as follows:

€
Volume flow .‘/ e =160 ftz/ second
Mass flow m - /2[:»4@ = 0. 0373 slug/second/ft
Power loss L aPudx = 37.7 it Ib/second/ft
Free stream power %sw«, =151 ft Ib/second/ft
Turnel speed “n, = 90. 0 ft/second

Power loss factor 1=, =10.25
Intake power efficiency ‘7? =0.7

1]

Comparison with Theoretical Values

The velocity distribution in this intake mouth has been calculated by the
methods of the previous section and is shown in Figures 119, 120 and 121.

In Figure 122 the experimental plot of the velocity normal to the intake plane is
compared with the theoretical curve. The lack of agreement near the upstream
wall is compared in Figure 123 with the velocity profile in the boundary layer
in the tunnel 1 inch upstream of the start of the intake radius,and Figure 124
shows the total pressure gradient. The nominal thickness (where the velocity
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is 0. 95 of the tunnel speed) is 0. 14 inches and thus must be considered thick in
proportion to the dimensions of the intake. The theoretical curve is thus not ap-
plicable close to the boundaries, and the flow in the center should be increased to
represent the practical case. This is sufficient to show the importance of the
boundary layer in distributing intake flow.

The spanwise distribution of velocity across the duct (Figure 125) is fairly uni-
form and the approximation to two-dimensional flow seems reasonably close.

Comparison With Zero Tunnel Speed Case

The velocity profile at the intake case for zero forward speed is shown in Figure
126 with the case from Figure 123 superimposecd for comparison.

These show that the mass flows are almost identical, indicating that the amount
of air swallowed by the intake is independent of forward speed. In the zero speed
case the boundary layer is of course quite thin, being developed only over the
length of the intake itself.
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Chapter Eleven

SOME GENERAL PROBLEMS OF A JET
DISCHARGING ACROSS A FREE-STREAM FLOW

THRUST LOSS DUE TO MIXING

It was shown in Reference 3 that if a jet of mass flow ( /) mixes with an
additional quantity of fluid (", ) at a mixing static pressure &4, , the
augmentation is

¢ - Ja2 _ Total momentum flux to ambient
Ja Jet momentum flux to the pressure Af,
2 A"' 2 %
= [("h.-f l) 'f)' -+ ?D(‘ —+ %%) J (381)

where
T s the entrained fluid ratio.

Af, = O, /'/z € ’“:—
primary jet velocity at the pressure A,

(dynamic head) efficiency of diffusion to ambient
velocity of secondary fluid before mixing.

OS¢

b

This equation is quite general for incompressible flow; present indications are
that compressibility effects are negligible so long as A%, is subsonic.

When a jet is exhausted across a free-stream flow, the static pressure distri-
bution in the region of the nozzle is quite complex. Generally it is greater than
ambient in the forward portion of the jet ( A, in Figure 23 for example) so
that A—-;, is positive in Equation (381).

Close to the nozzle,wezmay take the relative static pressure as the free-stream
dynamic head 35 ¢ Vo  on the high pressure side of the jet. On the rear side
of the jet the static pressure will be ambient, or somewhat lower. Thus, the
mean effective jet static pressure will be between these two extremes and
will, in fact, be the arithmetric mean if the jet is thin in relation to its local
radius of curvature. Thus, approximately
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Ap, - Ay % (heve );
&, = £ (ZY

and J2 L': S (m+ |)1'(§_£;. )t + | J%‘. (382)

Jo

This equation does not account for the momentum lost by the air which is en~
trained by the jet, a drag force which is obviously «wmw Vv, . When this is
included

_ 2 e
[Z] - o) + 115 v
Jo Jer < Axg (383)
Note that as ‘\13/4_0 — O,
[__:Iz;] —_— ] = Ve
Jo Jrer AL o (384)
As o — O,
1
%
o
[.J_-’- ] — [.L(‘_’l.) “+ | ]
Juo J wer 2\ g ) (385)

which describes the effect of the pressure energy in the jet.

Equation (383) is plotted in Figure 127, where we see that, if the entrained

air ratio (m ) is large enough, the thrust recovery can be negative. The ap-
parent thrust recovery can exceed unity only for very small values of v+, and
this is due only to the neglect of the pressure thrust term in the analysis.

It is not the primary purpose of this report to discuss jet drag, so that we shall
not study the vari«.ion of (v ) with -4 A~ , beyond remarking that we can
obviously accomplish this, using the results of the section on jel characteristics.

It seems that this mixing is the primary reason for the loss of propulsive thrust
which occurs when a jet flap is deflected through a large angle. For complete-
ness, however, we shall now review the other possible reasons for the '"thrust
anomaly"'.
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90 Degree Jet Flap.
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When a jet of mass flow ( M.1 ) emerges from a body with a uniform velocity
Arjo 1 WE anticipate a thrust equal to the product (1&\,«-“. ). This follows
from Newton's law that force is equal to the rate of change of momentum; that

ls. .
F » A . als 2 ) = dM " .
g (W‘j ““Jo a(’:_t’ AN, Ty o‘fz‘ )
the second derivative being zero in steacy flow.

More precisely, if /-" is the local velocity in the jet exit plane, and Afj'
the local static pressure measured relative to ambient

Aj Ay
F = £A+JJAJ' +‘/‘OAJ d{’, ) (386)

a relationship which can be applied to two- or three-dimensional fiow.

SOURCES OF APPARENT JET DRAG COMMON TO ALL JET CONFIGURATIONS

The nozzle static pressure is usually assumed to be equal to ambient and this is
usually a safe assumption for static conditions if it is well designed, and of con-
stant section. If vena contracta occurs, however, or the nozzle is either con-

. . S
vergent or divergent, then this assumption is invalid. SEPARATED FLOW

— Y3
—

. — i — -
—l

-

(a) Nozzles for Which the Exit Plane Static Pressure
is Essentially Ambient.

h

Hﬂ
|

-

- T e o - -

pei— — .
—
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(b) Nozzles for Which the Exit Static Pressure is Greater
Than Ambient.

lé_H

Figure 128. Some Effects of Nozzle Shape on the Discharge
Coefficient Under Static Conditions.
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This obviously presents difficulties. In some experimental work with GEMs
for example, it has been the practice to measure the supply air mass flow.
The velocity is then obtained by dividing by the jet area A , and nozzle force
calculated from the expression

e = ™ (4—;}‘1“ (287)

If appreciable contraction occurs as the jet leaves the nozzle, such a calcula-
tion could be as much as 40% in error, of course,

Thus, a first cause of jet drag can be a simple error in estimating the jet

force. If the assumed value is F, , and if the true value is F¢ , the ap-
parent drag will be a - Fy , giving a drag coefficient increment.

Gy - fa (1 — 3£)

3 % ems S

= 2 (% )(%)(ﬁ)t(\ -5, ey

The Effect of Pressure Due to Free-Stream Flow

Major difficultics arise when the jet issues from a body immersed in a free
stream flow, since the pressure term in Equation (387) is not now equal to
ambient, ‘

- e
/ \

Figure 129. Jet Issuing From a Body in Inviscid Flow.
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Consider the idealized case of a jet issuing from the rear of a body in inviscid
flow, for example, as shown in Figure 129

. If the total head of the jet is known
( Ae, say),then its velocity is known from the relationship

%
. = 2 - — . .
A4y [ & (ap —ae) ] (389)
Now the static pressure at the jet exit for a thin jet will be equal to the free-
stream total head, provided that the rear is rounded. That is,
k9
= . AL
Ab; g e
3
i = (BAR —al ) (390)
For a nozzle thickness of (4 ), the jet mass flow will be
‘2.
- . —_ 2 p. — z’
WJ - (Ct (-QAJ “%o ) (391)

From Equation (387) the jet force will be

pr———

‘-

)

C{'.{,:e»\»:'

&
* C’t"’“J(%Ae — ) (392)

The normal thrust (1«.,

; )n  is the force of the jet when exhaustiing to
ambient static pressure. That is,
e =3
= Clen: = 2k AP ;
] ‘“{)w €4 3
F > PR
. L = XA ét’».(g;\(d b - \) , (393)
‘e S zAR: I

From Equation (390)

o N —_ . .
Mo = (e 7'

)
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’“': > . (394)

s.' F-N — —!2- ( ’:9.(’
. . p-
G5y A%
The apparent jet drag is

D ‘—'-("‘.‘;"“'J')N_ Fu - "“‘J.“"'qu [' - ]

(‘_‘““j“j)ﬁ‘
s
AR
LGy T 2, = EF
= A PTIEY < (395)

This very simple result is perhaps what we would have intuitively suspected.

By removing a small area (Ck ) of the body in order to permit a jet to emerge,
we have reduced the forward acting pressure force on the body by (€ ,é—(.u.:'
and replaced it by an equivalent jet pressure term.

The jet mass flow reduces with increasing A, for constant jet total pressure.
From Equation (391)

o Qe (0B =)
S Scp (30"

\

—
!
\\g
¥

AP (396)

»
/\
{
3
s
213
3
’l
\/r"

-Jg
(1 + (/%:)z ] - (397)

For the case of known ( A&, ) rather than constant ( AP,' ) we can calculate
the apparent jet drag as follows:
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From (394)

3 (398)

o
: L e O A
C“QMJ)N e
- - L >
. Dy = —ckeay ()
Cxr === (399)

a result identical to Equation (395) but of opposite sign.

In the case of 2 body whose rear surface (at the ’{ ) is not normal to the free

stream flow, the local pressure is K. “z'f/*:- , where K < 1.0 for a local
angle of less than 90°. Equations {395) and (399) are then modified in that they
are multiplied by the constant K.

The Effect of '"Boundary Layer Pumping"

Figure 130. Boundary Layer Entrainment in a Jet.

In a real (viscous) fluid, when a jet issues from the rear of a wing or body, or
from anywhere except the leading edge, for that matter, it must eatrain a
boundary layer which has an average velocity lower than free-stream velocity.

Let us suppose that the boundary layer velocity («a, ) is some arbitrary function

of and that the body is slender enough for all static pressures to be essen-
tially ambient.
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The equations governing the force on the symmetrical body are then

free-stream momentum

Force = downstream of body

+ (jet momentum flux) - free-stream momentum
upstream o: body

e0 &
ey~ o[y
0& z "‘7 ° eo
+ 2 [ Py + 2 ”/ por oy —zd Puray (200

& &
(h‘-LJ/u-j) - [2«%9», d} - Zﬁﬂ,z{f ] (401)

The skin friction force must be equal to the change in momentum flux of the
boundary layer. That is,
5

4
FSF = ZMOZ;M. 03 — 2.°/F/u-, 07 (402)

Total force = ™My A%y T TsF,

Thus,when the mixing zone static pressure is ambient, there is no jet-induced
effect on the skin friction drag of a slender body.

Jet-Induced Turbulence

If the rear of the wing or body from which a jet issues is of such a shape that
the free-stream air cannot negotiate it without separation, then operation of the
jet can result in a larger wake than for the '"jet off' condition as indicated in
Figure 131. Hence even if the final jet momentum flux is the same as at the
nozzle, the total drag will increase, as a direct result of the presence of the
jet.
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(a) Jet Off.

(b) Jet On.

Figure 131. Jet Influence on a Wake.

By analogy with a flat plate we should expect this drag to be of the form

2
_ A, A
CD) = ad (MOB ) 53 ’ (403)

This effect has been observed on an elliptical aerofoil with a 90° jet flap, in
the two-dimensional tunnel, as reported in the introduction to this report.

Nozzle Diffusion Losses

An oblique jet in a free stream implies that a pressure differential is gener-
ated across it. In fact, near the nozzle, the pressure differential across a
90° jet can be greater than the free-stream dynamic head.
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Figure 132. Nozzle Diffusion Losses.

This implies that the jet flow on ‘he high-pressure side of the nozzle suffers
a sudden increase in static pressure, causing losses which are analogous to
the Borda-Carnot "sudden diffusion' loss discussed earlier. I'or a known
geometry this can obviously be evaluated by the use of Equation (%0).

A SIMPLE HYPOTHESIS FOR JET PRESSURE IN A FREE-STREAM FLOW

T——

- T -
/_\\

Te—

)

Figure 133. Jet Flap in Inviscid Flow.
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‘The problem of the shape of a jet flap in inviscid flow is theoretically solvable,
even though the path of the jet depends upon the external flow field, which in
tarn depends upon the path of the jet. We could, for example, use a potential
tank analog to obtain a solution. However, aclosed-form analytic solution
would be extremely difficult, if not impossible, to obtain.

When dealing with viscous fluids, we know that the totzl head in the jet falls
rapidly as it moves away from the nozzle, due to entrainment. This does not
necessarily imply that the jet sheet will have a greater curvature (giving re-
duced circulation on the wing) however, because the total jet momentum flux is
still conserved at constant static pressure. However, the problem is obviously
¢ven more complex than for inviscid flow, and in view of our ignorance on the
subject )f entrainment coefficients, we may well ask whether attempts to obtain
such solutions are justifiable.

/‘\\

I ////, /://

e -

.

Figure 134. Smoke Tunnel Flow Observations
of a Jet Flap.

Smoke tunnel observations of the flow around a jet flap indicate that the free
streamlines "enter' the jet, almost without changing their direction (Figure
134). Certainly the flow picture seems quite diffcrent from the theoretical pic-
ture of Figure 133. This then introduces the possibility of an attractive mathe-
matical simplification aralogous to the M:ws"'e hypothesis for swept-back
wings and the Newtonian theory of hypersonic gas dynamics.
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x
Figure 135. Local Jet Geometry.
From Figure 135 the appropriate assumption is
A = & (M ca 6 \" . (404)
P e€ ¢ = Qg

The change in momentum flux, normal to the initial direction, is evidently
©OJ , so that the balance of pressure and momentum forces gives

TJad® = AprCad
or T =+ costO - (405)
1<

In other words, the product (460119 ) is a constant. Because the center of
curvature changes continuously along the curve, this seemingly simple equa-
tion is difficult to transform to Cartesian coordinates. However, it can be
plotted out graphically.

We note that e & = éca-, . (406)
And since Lo ® - e © . (\ - ,_.“le)"

‘-—-——é e )

D c+e®©
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s = _\ !
(Ao I+ 71)"‘ ‘ (407)

[l

Then from (404) the local pressure is

A*ﬁ = To . (408)
AN

Thus for any jet shape, ‘J = f-x_ 5 the horizontal pressure force component is

g o (M) Ay
Fo L +—(Mac)”

(409)

so that the total pressure force is
o R 2
/ Apty - (g ) -2y |
‘Lo ° t + Q""/‘ l )1- (410)

where L is the maximum deflection the 7 direction.

For an elliptical jet path, for example,

1 1 _
s (411)
(6~ 3)*
2 = & (B-y7
73 @z

3
|

[ 4=
q'o / a/&)lj‘- )
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which reduces to

W - @)% 1] : }_

| +

1. 5 [elr—11% CB-1] By

This function is plotted in Figure 136. Note that we have not atterapted to
determine the static pressure 44, behind the jet in this analysis.

SOME EXPERIMENTAL OBSERVATIONS

The behavior of a jet discharging normally into a free-stream air flow was
examined using the flush intake in the floor of our two-dimensional tunnel
with the air supply from a centrifugal blower discharging into the tunnel
flow (Figure 137).

Total and static pressures were measured at three stations:
(1) Jet throat.
(2) Jet outlet to tunnel.
(3) Outlet from tunnel working section.

In addition, the static pressures at the tunnel wall at the working section
entry and exit were measured.

The experiment was conducted at three different strengths of jet. Because

(413)

of the interference with the free-stream flow, the free-stream velocity changed

with the jet velocity. This is seen most clearly by considering the volume
flow leaving through the tunnel driving fan with the jet at its various values.

Flows in Square Feet Per Second

Tunnel outflow 159 155 104.5 79.3
Jet inflow 0 8 12 20
Tunnel inflow 159 147 92.5 59.3

Velocities in Feet Per Second

Mean free-stream velocity 79.5 73 46.2 29.6
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Mean jet velocity 0 41 62 103

Velocity ratio, jet/ 0 0. 56 1.34 2.88
free stream

All the measurements (except tunnel wall static pressures) were taken with the
directional yaw probe described in a previous chapter, in conjunction with in-
clined manometers. Under set conditions, pressures were steady and repeat-
able. The data are plotted in Figures 137-143 without any smoothing or select-

ive omission and the quality is such as to indicate a low incidence of random
error.
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Figure 136. Pressure Integral on the Upstream Side of a
~Jal. Exhausted Normal to a Free-Stream Flow.
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Figure 137. Arrangement of Jet Discharging Through
Floor of Wind Tunnel.
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Figure 139(a). Velocity and Pressure Distribution at Mouth
of Jet. (Jet/Free-Stream Velocity Ratio 0. 56).

&~

2}

>

0 B

B B
S p—=8 e‘pa o a *EGB 8
Lp - %

_o_k?_m -2.0 E

»

o

2

o

A

0.5 0 0.5
INCHES FROM CENTER OF DUCT

Figure 139(b). Velocity and Pressure Distribution in Jet
Throat, (Jet/Free-Stream Velocity Ratio 0. 56)
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RECOMMENDATIONS FOE FURTHER WORK

The program herein reported is rather diffuse in that, although the basic sub-
ject is the equation for curvilinear flow, we have applied it to a number of
practical applications. It could not, of course, be rigorously applied to all
cases; therefore, most attention has been concentrated on the annular jet

problem, since we were most familiar with this and since the annular jet
problem posses.;es the greatest body of previous work, both theoretical and
experimental.

As a result, it is believed that no further work is required in this area, except
for the tidying up of loose ends. However, considerably more work remains to
be done with intake flow and curved-duct flow; such an effort is important be—
cause of the substantial reduction in losses which may be obtained.

Annular Jet Theory

The new inviscid theory appears to be completely satisfactory, as far as it
goes. In order to make the theory of maximum practical utility, it is recom-
mended that a program be formalized in the following steps:

(a) Solve the inviscid flow annular jet equations for
constant total pressure on a digital computer,
and both tabulate and plot the results in conveni-
ent form. The slide rule computations made for
this report are unsatisfactory for general engi-
neering use.

(b) Repeat the above calculations for a range of
linear total pressure variations across the jet.

(c) Program the equations for the case of an arbi-
trary total pressure distribution across the jet,
and include both viscous mixing and diffusion
pressure loss effects. Such a program, fully
checked out and generally available, would con-
stitute a valuable engineering design tool.

(d) Develop an optimum nozzle shape for minimum

total pressure loss. The simple experiment
reported in Appendix IV of this report shows
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that even a very simple 'pre-curving" of the
flow gives a dramatic reduction in loss, and

it is believed that a more sophisticated design
would eliminate this loss.

() Examine the impact of the new theory on dy--
namic motions of an annular je¢ GEM. The
work so far done in viscous entrainment of
the cushion air indicates strongly that Tulin's
concepts of "underfed" and '"overfed" jet op-
eration are erroneous and that the preducted
damping would be quite different if the airflow
were considered as being intimately tied up
with the primary vortex.

Intake Flow Theory

The application of curvilinear flow theory to the flow into a skewed intake has
been undertaken only for the case of no upstream boundary layer or flow dis—
tortion. While it explains all of the observed effects (including the low pressure
recoveries) and the phenomenon of lip stall, it would require a separate pro-
gram as lengthy as the present one, to 'tie-up' the subject adequately in the
same way as the annular jet theory has been rounded out. In view of the im—
portance of this problem to many hardware applications, it is strongly suggest-
ed that this be done.

Curved Duct Flow Theory

For rectangular ducts, the optimum curve shape for minimum diffusion loss
must be investigated. Secondary flows due to finite 2spect ratio have not been
considered at all in this report, and this should obviously be done before a gen-
eral theory of curved duct losses can be produced. Also, the work should be
extended to include circular duct cross sections.

When such a general theory has been developed and adequately checked out by
experiment, it would be possible to define optimum duct bend shapes for mini-
mum loss. Needless to say, since ducts are used extensively in almost all
aerospace hardware, the definition of low-loss shapes would be of almost uni-
versal benefit.
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Coanda Flow

The potentialities of Coanda flow around a curved surface are as yet unknown,
because the phenomenon has still not been analyzed coherently. On general
principles, it is felt that the present work should be extended, both theoreti—
cally and experimentally, although there is (at the moment) no obvious hard-
ware application in sight.

Diffusion Theory

The diffusion theory developed during this program appears to be a major
breakthrough, even though if is not fully understood. In work not reported
herein, for example, this theory has been applied to the inviscid flow around
a cylinder and a sphere, and calculated drag coefficients have been obtained
in virtually exact agreement with measured values.

There is a great need to find a "unifying theory' which relates this new ap-
proach to the established boundary layer theory, to identify its limits of ap-
plicability, and to understand its physical basis.

Jet Flap Theory

While significant steps have been made in understanding the jet flap problem
and while the 'thrust recovery" anomaly has been adequately resolved, there
is obviously room for more work in this area. It ought to be possible to obtain
the same precision in the theoretical description of the phenomenon as is now
possible for the annular jet. v
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APPENDIX I

SCALE EFFECT IN ANNULAR JET FLOW

Scale effects can be studied experimentally without any need for hypotheses to
explain them. Sufficient information is now available to indicate whether there
is any very large variation of the cushion pressure ratio A, /AP with Reynolds
number, and it seems that no such variation can be detected.

Little attention seems to have been devoted to this subject in the literature. In
Reference 15, Kuhn and Carter suggest that "there are no first order scale
effects...", on the basis of tests with 4, 8, and 42-inch-diameter models. How~
ever, it is doubtful whether the differences in Reynolds numbers between these
models were large enough for a scale effect trend to become larger than the ex-
perimental scatter, particularly sinc: additional variables are introduced by the
use of three-dimensional models.

The comparison most free of extraneous variables is the two-dimensional flow
case, and some recent English work 17 now enables us to cover the range
Re = 2 x 103 with two-dimensional rigs.

The results of Reference 17 are compared with the measurements of Rawlings
and Seiven in Figure 144, and a very large scale effect is at first sight seen to
be present. Although it is not explicitly stated in Reference 17, however, it
can be inferred that the jet total head is measured upstream of the actual noz-
zle. Thus, even if the flow into the nozzle were perfect, we should still expect
some loss from skin friction.

Let us use exponential theory to obtain a rough idea of this loss. The mass
flow will be

: 5% —kR
™ = ck(2eR). V ~e —
£/R
so that the duct velocity is
. w =R
~» =™ = (%A%\ l-e | (415)
tC /R
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The skin friction force

£ = A(AP_,')Ct

= C‘f’ 9\5 S

(416)
Assumitg Ay = mean length of one nozzle wall,
Sue * 2L, C
a(ap) = G Jiev;' 254 (417)
Mo s (-SR0S e g
= (I - ;atle)[l - ?-ee’-c*-"(;,;g)]- (418)

This has been evaluated for 9 = 30° and lpA = 6.0, figures which are be-
lieved to be about right for the Hughes rig. As shown in Figure 145, skin {riction
gives the same order of apparent Af,_ /AP variation with Rc as was actually
observed.

It is concluded that the apparent scale effect is illusory, and that there is no ap-
preciable variation in the range 2000 € Re <& 200,000. This is satisfactorily
in accordance with mixing theory3, which indicates that scale has no effect on
the turbulent or laminar mixing processes. It also emphasizes the need for
measuring A%- at the nozzle exit when appreciable skin friction loss is to be
expected in the nozzle.
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APPENDIX II

ESTIMATION OF DRAG FROM TOTAL HEAD SURVEYS

C
*rom Chapter XXIV of Reference 15, the drag of a body is ¢iven by the momen-
tum integral

+0
D = &p‘[w&(‘\’;—ﬂb)"‘z (419)

where 4+ is the velocity measured well downstream of the body, and VY, is the
free-stream velocity.

In a wind tunnel which draws air from ambient, '%
4’; - ("’ % A‘P‘ )
Ve
moe (3% 4]

'/2.
= [%(AP! - Ah)] ) (420)

Substituting into Equation (419),

D - f('?_/ £ (af "Wo)h[‘hy;‘ (A"y‘#o)%]"}

= }Afa.j::[-l -~ _{?‘_2. + (1 - f—%)k]d}- (421)

In most experiments A% &« Aﬁ, if the rake is sufficiently far downstream;
P
( Ki) m [ 4 Eg: .
D = 246-A+.L[-|-§§1+ ! —i%g.]ata)
oD
or D = - /(’rf‘ A P‘}“"é' (422)
- o0

This is the equation generally used in reduction of tunnel data.
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APPENDIX III

A NOTE ON THE THEORY OF A FREE VORTEX

The classical theory of a vortex in inviscid flow, based on the irrotational pro-
perties of an infinitely small fluid element, is very rigorous; see, for example,
Chapter VII of Lamb. * The basic results can be demonstrated much more sim-
ply for two-dimensional flow, however, although at the expense of losing some
of the rigor and elegance of the classical analyses of Helmholtz and Lord Kelvin.

Figure 146. Geometry of a Two-Dimensional Vortex.

For a balance between centrifugal and pressure forces on the element shown in
Figure 146,

2 (423)
+d6 . 4p - “+olB.oly, e~ g
(pressure force) = (centrifugal force).

* Sir Horace Lamb, "Hydrodynamics, " Sixth Edition, Dover Publications,
New York, 1932.
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4 . -~
;tf € % - (424)
But for conservation of total head,

4 [ 3
P+ eev = P (425)

From Equation (425),

# s _A.—P — eVv. :d_._‘\l‘ .
s ar Lr (426)

If P is constant throughout the fluid, d-P{ v = 0. Thus, sutstituting Equation
(426) for AP4+ in Equation (424),

ol

- = o . (427)
A+ = constant. (428)

This is the classic relationship which is used in potential flow theory. However,

there is another way of expressing Equations (424) and (425):

From Equation (425),

e
[ = 2(P- '1’)' (429)
Substituting fcr e\"’ in Equation (424),

Ab = 2(P-4).

Ay
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2. = N i
That is, i‘s + 2 4 2 P (430)

This is identical with Equation (87) in the main body of the report. Thus, the
general techniques developed are also applicable to the treatment of vortex
fields, including the effects of viscosity.

Integrating Equation (430),
2 / +Par +k ] :
o= = [ M (431)

An most problems, inviscid flow theory will apply at large values of T , where
du‘\%" —» (. Equation (431) then takes the form

4. = R+ 2

e

where 4Pa. is the ambient static pressure and Po the total pressure in the
vortex at large values of the radius.

Equation (431) may then be written as
4 - %—,f*ed‘ —(B——/pa,). (432)

Equation (432) can be used to study such problems as vortex flow in a real
(viscous) fluid.
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APPENDIX IV

DIFFUSION LOSS MEASUREMENTS IN A PRE-CURVED NOZZLE

It was shown in the main body of the report that a diffusion loss occurs in the
nozzle of an annular jet and that it is somewhat larger than predicted by theory.
The theory is based upon the assumption that an initially straight flow curves
suddenly to a radius (& ), and, of cours.., there is no means of assuming that
this is so in a straight nozzle.

With this in mind, we built a circular section fairing for the annular jet rig
nozzle, as shown in Figure 147, in order to ensure that the air behaved as
assumed in the theory. The total pressure was then measured by means of
Kiel probe traverses, with and without this fairing in place.

The results plotted in Figure 147 show a marked reduction in loss when the
fairing is fitted, the integrated loss now being almost exactly equal to the
theoretical prediction. The experimental points do not lie along the theoret-
ical curve, however, because the process of diffusion necessarily distorts
the % axis, and this is not taken into account in the theory.

It seems clear that if the fairing had been carefully blended into the nozzle to

give a distributed total pressure rise (instead of being merely tangential to
the nozzle surface), the total head loss would have been negligible.
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Figure 147,

To’al Pressure Loss at the Exit Plane
of an Annular Jet Nozzle.
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